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c3 ' 1 Introduction 

It is well known that the superconformal algebras are closely related the conformal field 
theory and the string theory and play important roles in both mathematics and physics, 
which were constructed in [8] and [1] independently. As for the N = 2 superconformal alge- 
bras, there are four sectors: the Neveu-Schwarz sector, the Ramond sector, the topological 
sector and the twisted sector, all of which are closely related to the well-known Virasoro al- 
gebra and the super- Virasoro algebra. A series of results have been gained on these algebras 



^ \ (e.g., [2, 3, 4, 5, 6, 8, 7, 9] and the correspondingly cited references). 



The twisted N = 2 superconformal algebra C is an infinite-dimensional Lie superalgebra 
iT the complex field C with the basis {Ln, 
the following non- vanishing super brackets: 



^ . over the complex field C with the basis {Ln, T^, Gp, c | G Z, r G | + Z, p G admitting 



[Lm, Ln] = [iTi — n)Ln-\-m + ^ ^m+nfl<^, 

[-^mj^r] = ~^Tr+m, \Lr,Ts\ = §^r+s,oC, 

\Lm,Gp[ = (y — p)Gp^m, [Tr,Gp] = Gp^r, i^-^) 

(-l)2p(2Lp+, + i(p2 - i)5p+,,oc) if p + qeZ, 



[Gp, Gq 
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Obviously, L is Z2-graded: £ = £q ® £y, with 

1-1 
£o = spanc{I/„, T^, c | m e Z, r e - + Z}, >Cx = spanc{Gp | p e -Z}, 

and the Cartan subalgebra = CLq + Cc. One can easily see that L contains the well- 
known Virasoro algebra Vir = spanc{i^n, c | n G Z}, the super- Virasoro algebras N'S (the 
N — 1 Neveu-Schwarz algebra) spanned by Gr, c | n e Z, r e | + Z}, and TZ (the = 1 
Ramond algebra) spanned by {L„, G„, c | n e Z}. 

First we recall some definitions and notations. Let = ® 01 be a Lie superalgebra 
over C. All elements below are assumed to be Z2-homogeneous, where Z2 = {0, 1}. For 
X e 0, we always denote [x] e Z2 to be its parity, i.e., x e g^x]- A Z2-homogenous linear 
map : — >■ such that there exists [D] e Z2, f (0^) C 0[i+[a]] for all i e Z2 satisfying 

T){[x,y]) = [T){x),y] + (-l)[°][^][x, c)(y)] for x, y e Q, (1.2) 

is called a Lie superalgebra homogenous derivations of parity [d]. The derivation D is called 
even if [3] = 0, odd if [O] = 1. Denote by DeijlQ) the set of homogenous derivations of parity 
i. Then Der(0) = Dero(0) © Deri(0) is the derivation algebra of 0. Denote by ad(0) the 
inner derivation algebra. 

It is easy to see that £ is a |Z-graded algebra: C — ®pe^z^p where Cp — {x e 

jC\ [Lo,x] — —px}. Der(>C) is also |Z-graded: Der(£) = ®p^i^DeT:p{jC) where Derp(>C) = 

{d e Der(£) | rf(£«) C a e ^Z}. 

The result on the derivation algebra Der(£) of the twisted N — 2 superconformal algebra 
C can be formulated as the following theorem. 

Theorem 1.1 Der(£) = ad(£). 

In order to introduce the related corollary, we first present some relative notations. 
Firstly, let us recall some related definitions based on a Lie superalgebra 0. Denote by r the 
super-twist map of ® 0: t{x <^ y) = (— l)[^l[3/]y ^ x for any x, y & Q and ^ the super-cyclic 
map cyclically permuting the coordinates of 0®^: ^ = (1 ® r) ■ (r 1) : Xi <^ X2 <^ Xs ^ 
(^—iyxi](lx2]+[^?,]) (g) ,X3 ® xi for any xi G g, i = 1, 2, 3, where 1 is the identity map of 0. A 
Lie superalgebra is a pair (0, ip) consisting of a vector space = 0o ® 0i and a bilinear map 
</? : (8) — >■ satisfying: 

<^(0i, 0i) C 0i+j, Ker(l ® 1 - r) C Ker • (1 ® 99) • (1 ® 1 ® 1 + { + C^) = 0. 
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A Lie super- coalgebra is a pair (g, A) consisting of a vector space = 0o ® 01 ^-iid a linear 
map A : ^ satisfying: 

A(0i) C E 0J Im A C Im(l ® 1 - r), (1 ® 1 1 + ^ + f ) • (1 A) • A = 0. 

Now one can give the definition of a Lie super-bialgebra, which is a triple (0, </?, A) satisfying: 
(i) (0, (f)is a Lie superalgebra, (ii) (0, A)is a Lie super-coalgebra, (iii) Aifi{x <S> y) — x * 
Ay - * Ax, for any y e 0, where the symbol "*" means the adjoint diagonal 

action: x^i^ai ® hi) — E([^' ® + (— ® [x^ 6^]), V Cj, hi e 0, and in general 

i i 

[x, y] = (p{x (g) y) for x,y e Q. 

Denote by il(0) the universal enveloping algebra of 0. If r = £ ® 0) then 

i 

the following elements are in iX(0) (8) 11(0) (8) il(0): r^^ = &i <8) 1 = r (8) 1, r^^ = 

i 

El ® Oj (g) 6j = l(8)r, r^^ = E«i ® 1 ® &i = (l(8)r)(r(8)l) = (r(8)l)(l(8)r), while the following 

i i 

elements are in 0(8)0(8)0: [r^^,r^^] = ^ai<^[hi,aj](S)hj, [r^^,r^^] = E(-l)'"'"'''^[ai> 
[ri3, ^23] ^ a,- (8 [6^, 6,]. 

A coboundary super-bialgebra is a quadruple (0,(p, A,r), where (0, (/?, A) is a Lie super- 
bialgebra and r G lm(l (8)1 — r) C0(8>0 such that A = A,, is a coboundary of r, where 
Ar{x) = (— * r for any x G 0. Furthermore, a coboundary Lie super-bialgebra 
(0,(y9, A,r) is called triangular if it satisfies the following classical Yang-Baxter Equation 
c(r) := [r^2^r^^] -|- [r^^^r^^] + [,.i3^^23j ^ q_ 

For any 0-module V, denote — {v e V \ g.v = 0}. 

The following lemma can be found in [10], which is generahzed from the Lie algebra case 
given in [11]. 

Lemma 1.2 Let q be a Lie superalgebra such that q^, (g (8) 0)^ and H^{q,q) are all equal 
to zero. Then for any one dimensional central extension 0/0, there is a linear embedding 
from H^{Q,g0Q) into H^{g,g0Q). In particular, if H^{q,q0q) = 0, then H^(q,q0q) = 0. 

Denote C with c = by £. The following theorem is the main result of [5]. 

Theorem 1.3 H^{C,C (8) C) and every Lie super-bialgebra structure on C is coboundary 
triangular. 

Theorem 1.1 implies H^{C,C) — and H^{C,C) — 0. It is not difficult to see that 
C'-' — Q and {C ® C)^ — 0. Combining Lemma 1.2 and Theorem 1.3, we can deduce the 
following corollary. 
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Corollary 1.4 H^{C,C C) and every Lie super-bialgebra structure on C is coboundary 
triangular. 

Denote by Aut(>C) and Inn(£) the automorphism group and inner automorphism group 
of C. For any ip G Aut(£) and x, y & C, we have 

(P{£q) = Co, ip(Zi) = A, (p([x, y]) = [ip(x), ip(y)]. (1.3) 

It is easy to see that Inn(£) is generated by 

exp(/oadLo) for some Zq £ C*. 

Then Inn(>C) ^ C*. For any n e Z+, denote Z/nZ by Z„. 

Theorem 1.5 Aut(£) = Inn(£) >^ Z4. 

The following corollary follows immediately from Theorem 1.5 and Inn(>C) = C*. 

Corollary 1.6 Aut(>C) = C* x Z4. 

2 Proof of Theorem 1.1 

Proof of Theorem 1.1 It will follow from a series of lemmas. 
Lemma 2.1 Deri(>C) = adi(>C). 

Proof For any Dp e Deri(>C) fl Derp(£) with p e |Z, we always have Dp{t) — 0. 
If p e Z, we can assume 



Cp,gLp+g + egSp+g^oC a qeZ, (2.1) 
dp,qTp+g if 5 e I + Z, 

where Ojp^i, bp^j-, ^p,q'> dpi<ii ^ 

According to the assumption that Dp is a derivation, we have the following identity: 



which gives 



Dp{[Tr, T,]) = [Dp{Tr),T,] + [Tr, Dp{T,)], V r, s e ^ + Z, 



^p,rGp-\.r+s ^p,sGp-\-r+s- 
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Then bp^r = bp^s for any r, s G | + Z, which imphes that bp^r is a constant. For convenience, 
we denote 

bp,r = bp, V p e Z, r e i + Z. (2.2) 
According to the identity ()p([Li,Tr]) = [Dp{Li),Tr] + [Li,dp{Tr)], we obtain 

"^bp^r+i^^p+r+i — (^p,iCrp-\-r+i ~\~ {p ~\~ f '^^bp^j-Cfp-^-r-j-i- 

Comparing the coefficients of Gp+r+i, one has 



^bp^r+i — (lp,i + {p + T — —)bp^r, 



which together with (2.2), gives 



{--p)bp, Wp,ieZ. (2.3) 



For any r, g G ^ + Z, we have fp([Tr, Gq]) = [Dp{Tr), Gq] + [T^, Dp{Gq)], which gives 

r 

Cp,q-\-rLp-^q-\-r ~l~ €-q+r^p+q+r,Q^ g '^p+g+r,0'- 



1^2(p+r)7 /or I 4(p + r)^ - 1 ^ X 

" ) ^P,r {^-'^p+q+r i — Op+q+r,0 C J ■ 



12 

Comparing the coefficients of Lp+q+r and c, one has 

(^p,q+r "^bpj., 

_r _ 4(p + r)^ - 1 

which together with (2.2), give 

Cp,n — 26p, (2-4) 
'^^ 4(p + r)^-l 

for any p, n G Z and r G | + Z. 

For any r e I + Z and ? e Z, the identity Vp([Tr, Gq]) = [l)p(7;), Gg] + [T^, l)p(G'5)] gives 

dp,q+r'-^p+q+r ( 1)^^ ^ (p~l~r Q^bp^j-Tp^q^j. -\- TCp^qTp^q^j.. 



Comparing the coefficients of Tp+g^^ and using (2.2) with (2.4), we obtain 

dp,q+r ^(p-q-r)bp, 

which imphes 

dp,, = {p-q)bp, VpeZ,ge^ + Z. (2.6) 



Using (2.5) and (2.6), one can deduce 



1. o 1 



e 



-^ = -3(^-4)^^, VpeZ. (2.7) 



Combing the identities given in (2.2), (2.3), (2.4), (2.6) and (2.7), ^p{Li), Vp{Tr) and Vp{Gg) 
referred in (2.1) can be respectively rewritten as follows: 



eid{-bpGp){G,) = 



()p{Li) = (f - p)bpGp+i, ()p{Tr) = bpGp+r, fp(c) = 0, 

-2bpLp+g - |(p2 - i)6pWoC a qeZ, (2.8) 

(p - q)bpTp+q if g e I + Z, 

for any p, ieZ, rG^ + Z and q G |Z. Noticing 

ad(-6j,Gp)(Lj) = (I -p)bpGp+i, ad(-6pG'p)(7;) = bpGp+r, ad(-6pG'p)(c) = 0, 
-2bpLp+q - |(p^ - |)6p(5p+g,oC if g e Z, 
(p - q)bpTp+g if g e i + Z, 

for any p, ieZ, rG^ + Z and g G ^Z, we claim that 

l)p = ad(-6pG'p), VpGZ. (2.9) 

If p G I + Z, we can assume (for convenience, we still use the same notations) 

^p(-^i) ^p,iGp-\-'i^ ^p(Tf.^ bp^^Gp^f^ 

Cp^qLp+q + eq5p+qfiC, if g G | + Z, (2.10) 
dp,qTp-\-q, ii q G Z, 



where Op^j, bp^t ^p,qi dp^q, Gq G C 

Using the following two identities: 



X>p{[h,Tr]) = [9p(L,),T,] + [L,, ()p(r,)], V i G Z, r G ^ + Z, 
Dp{[Tr, T,]) = [l)p(T,), r,] + [Tr, MTs)], V r, s G ^ + Z, 
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we can deduce (for convenience, we denote bp i by bp for any p e ^ + Z) 

i 1 

For any p, 5 e | + Z, we have ?)p([Lo, G^]) = [Op(ivo), Gg] + [Lq, fp(GQ)], which gives 

(p + q)Cp^qLp^g — q{Cp^qLp^q + CgSp+gfiC) 

= a,,o(-l)'^(2V, + i(/ - ^) WO- 

Comparing the coefficients of Lp^g and c, we have 

(lCp,g = {p + q)cp,q - 2pbp, 
pe-p = 3(4 ~P )"p.O' 

which imply 

Cp,g^2bp, e^p^^{p''-^)bp, yp,qe^ + Z. (2.12) 

For any p e | + Z and g e Z, we have Op([Lo, Gg]) = [()p(Lo), Gg] + [Lq, Dp{Gg)], which 
gives 

<ldp,qTp+q = ap,o(-l)^^^^(g - p)7;+g + (p + q)dp^qTp+q. 
Comparing the coefficients of Tp^q, we have 

go?p,g = ap^o{q - p) + (p + g)(ip,g, 
which together with (2.11), forces 

dp,g^{q-p)bp, Vpe^ + Z, geZ. (2.13) 

Combing the identities given in (2.11), (2.12) and (2.13), Dp{Li), l)p(Tr) and fp(Gg) 
referred in (2.10) can be respectively rewritten as follows: 

(I - P)bpGp+i, X)p{Tr) = bpGp+r: ^p{c) = 0, 

J 2bpLp+g + |(p2 - \)bp5p+q^oC if g e | + Z, 
I {Q-p)bpTp+q if ? e Z, 



fp(-^i) = 
fp(Gg) = 
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for any p, ieZ, re| + Z and q G |Z. Noticing 

Sid{-bpGp){Li) = (I -p)bpGp+i, ad{-bpGp)(Tr) = bpGp+r, ad(-6pGp)(c) = 0, 
ad{-bpGp){G,) = 



2bpLp+q + - i)6p5p+g,oC if g e I + Z, 
{q-p)bpTp+q a qeZ, 



for any ieZ, p, re| + Z and g e |Z, we claim that 

Hp^adi-bpGp), Vpe^ + Z, 
which combining with (2.9), gives 

Dp = &d{-bpGp), V p e iz. 
Then this lemma follows. □ 
Lemma 2.2 For any 25^ G Dero(£) fl DeYp{C) with p e |Z*, we always have 'Dp G ad(>C). 

Proof It is clear that Dp(c) = for any Dp e Dero(>C) n Derp(>C) and p e 
For any p, ieZ, re| + Z and q e |Z, we can write 

Dp{Li) = ttp^iLp+i + mj(5p+j,oC, (2.14) 

®p(2^r) — bp,rTp+r-i '^p{^q) ~ C.p,qGp-\-q-i (2-15) 

where Op^j, 6^,^, Cp,q-i^i G C. For any p, i G Z, we have the following identity: 

2)p([Li, Lo]) = [©p(LO, ^o] + [Li, S)p(Lo)], 

which gives 

i{0'p,iLp+i + mj5p+j^oc) 

= (p + i)ap^iLp+i + apfi{{i - p)Lp+i H ^^(5p+j,oc) ■ 

Comparing the coefficients of Lp+j and c, we have 



^Op.i = (p + i)ap,i + (i - p)ap,o, 
p^ — p 

pm_p = ap,o , 



8 



which gives 



for any i G Z and p E 1^*, where o is denoted by Op for any p G Z*. 

According to the fact that 'Dp{[LQ,Tr]) — [^p{LQ),Tr] + [LQ,Dp{Tr)], we obtain 

for any p G Z* and r G | + Z, which imphes 

bp,r = --ap, V p G Z*, r G ^ + Z. (2.17) 
The identity ©^([Lo, Gg]) = [S)p(Lo), G^] + [Lq, S)p(G'g)] gives 

QCp^qGp+q — ap(q — '^)Gp+q + {p + q)Cp^qGp+q, 

for any p G Z* and q G |Z, from which we can deduce 

Cp,, = - ^)ap, VpGZ*, gG^Z. (2.18) 

Combing the identities given in (2.16), (2.17) and (2.18), S)p(Lj), Dp{Tr) and ^p{Gq) 
presented in (2.14) can be respectively rewritten as follows: 



'^p{Li) — ^—^apLp_^.i + ^^-j^ctpSp+ifiC, 2I)p(c) — 



(2.19) 



'^piTr) — p(^pTp-\-r-i "^piGq) — (2 p^^pGp+q^ 

for any i G Z, p G Z*, r G | + Z and q G |Z. Noticing 

ad(^Lp)(Li) = ^apLp+i + 2^ap(5p+i,oC, ad(^Lp)(c) = 0, 
ad(^Lp)(rr) = —ttpTp^r, ^^{^Lp){Gq) = (I - ^)apGp+5, 

for any iGZ, pGZ*,rG| + Z and q G |Z, we claim that 

S)p = ad(^Lp), VpGZ*. (2.20) 

For any iGZ, p, rG| + Z and q G |Z, we can write 

'^p{Li) — ttp^iTp^i, 3)p(Tr) = bp^rLp+r + ^r-<^p+r-,0C, T)p{Gq) — Cp^qGp+q, (2.21) 



where ap,j, 6^,^, Cp,g, e C. For any i Elj^^e have the following identity: 

S)p([Li,Lo]) = [Sp(L,),Lo] + [Li,S)p(Lo)], 

which gives 

iap^i = ap^i{p + i) - pap^, V i G Z, p e ^ + Z, 

and further implies 

ap,i ^ap, V i e Z, p e ^ + Z, (2.22) 

where is denoted by for any p e | + Z. The following identity: S)p([Lo,rr]) = 
[Dp(Lo),r,] + [Lo,S)p(r,)] gives 

P 

r{hp^rLp+r + 'T'r^p+r.oC) = ^p,r(^ +P)-^p+r ~ Ctp^^p+rjOC- 

Comparing the coefficients of Lp+r and c, we obtain 



rbp,r = (r + p)bp^r, pn-p = 



for any r, p & ^ + Z, which imply 



bp,r = 0, n_p = ^ap. (2.23) 



For any p G I + Z and g e |Z, we have Dp([Lo,G'J) = [S)p(Lo), G,] + [Lq, ©^(G'J], from 
which we can get 

QCp,gGp+q — {P + Q)Cp,gGp+q — UpGp+q. 

Comparing the coefficients of Gp+g, we have 

QCp^q = {p + (l)cp,q - ap, 
for any p G | + Z and g G |Z, which implies 

Cp,g = -ap, VpG^ + Z, gG^Z. (2.24) 

Combing the identities given in (2.22), (2.23) and (2.24), Dp(Li), Dp(T^) and S)p(G'q) 
referred in (2.21) can be respectively rewritten as follows: 

Sp(Li) = OpTp+i, Sp(c) = 0, 
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for any ieZ, p, re| + Z and q G |Z. Noticing 

ad{fTp){L,) = apTp+,, ad(f Tp)(c) = 0, 
ad(^r,)(r,) = f (^,+,,oC, ad(^r,)(G,) = 

for any ieZ, p, re| + Z and g e we claim that 

S)p = ad(^Tp), Vpe^ + Z. (2.25) 

Then this lemma follows from (2.20) and (2.25). □ 

Lemma 2.3 If Do G Dero(£) n Dero(£), then Do G ad(£). 
Proof For any ieZ, re| + Z and q e we can write 

S)o(c) = ttoc, 2)o(^i) = aiLi + mi5i,oC, Do(7;) = KTr, Do{Gg) = c^Gg, (2.26) 
where Oj, 6,., Cg, mj, ccq G C. For any i, j e Z, we have the following identity: 

Do{[Li,Lj]) = [Do{Li),Lj] + [Li,Do{Lj)], 

which gives 

{i - j){ai+jLi+j + mi+j6i+jfic) + ^^ao^i+j.oC 
= (oi + %) ((i - i)i^i+i + ^^(5i+j,oc) . 

Comparing the coefficients of Lj+j and c, we have 

{i-j)ai+j = {i-j){ai + aj), 

t — t % — z 

2imo + ^^ao = (oi + a-i)^^, 

from which we can deduce 

mo = ccq = and Ui — iai, V i e Z. (2.27) 
Then 2)o(c) and S)o(Lj) referred in (2.26) can be rewritten as 

©o(c) = 0, Do{Li) = iaiL„ V i e Z. (2.28) 
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For any r, s G | + Z, we have the following identity: 

Do([T„T,]) = [©o(T,),T,] + [Tr,Vo{Ts)], 
which together with (2.28), gives 

r 

-{br + bs)Sr+s,0C = 0. 

Then we can deduce 

b-r — —br, V r e - + 
According to the identity S)o([I^i, T^]) = [2)o(I^i), T^] + [Lj, 2)o(Tr)], we obtain 

rbi+rTi+r = r{ai + br)Ti+r, V i e Z, r e ^ + Z. 
Comparing the coefficients of T^^r and recalling (2.28), we have 

bi-i-r = iai + br, V i G Z, r G - + Z, 
from which we can deduce 

br^rax, VrG^ + Z. (2.29) 

Then S)o(^r) referred in (2.26) can be rewritten as 

S)o(i;) = raiT^. (2.30) 
For any p, g G |Z, we have the following identity: 

Do([G„G,]) = [2)o(Gp),G,] + [G„2)o(G,)], 

which gives 

Cp + = Qp+g if p + g G Z, 
Cp + = &p+g if p + g G I + Z. 

Then recalling (2.27) and (2.29), we can deduce 

Cq = qai, V g G iz. 
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Then Do{Gq) referred in (2.26) can be rewritten as 

Do(G,) = qaiGg, Wqe^Z. (2.31) 

Then according to (2.28), (2.29) and (2.31), we know that X)o(T^) and Do{Gq) referred in 
(2.26) have been rewritten as 

So(c) = 0, ^o{Li) = iaiLi, 
2)o(T,) = ra^Tr, S)o(G'J = qa^Gg, 

for any ieZ, re| + Z and q e |Z. Noticing that 

ad(-aiLo)(c) = 0, ad(-aiLo)(Lj) = iaiLj, 
ad(-aiLo)(Tr) = roiT^, ad(-aiLo)(Gg) = qaiGq, 

for any ieZ, re| + Z and q G we get Do = ad(— oiLq). Then the lemma follows. □ 
By now we have completed the proof of Theorem 1.1. ■ 

3 Proof of Theorem 1.5 

Proof of Theorem 1.5 For any i e Z*, r e | + Z, g e |Z and a e Aut(£), we can suppose 

(t{Lq) = oo-Lo + coC, (7(c) = moC, 



(3.1) 



where oq, mo, flij, Q, c^rj, er,^, /,., n^^p e C. 

We first claim that Oo ^ 0. Otherwise, if Oq = 0, for any x G Cp with p 7^ 0, we have 

-pa{x) = [a{Lo),a{x)] = [coC,a{x)] = 0, 

which is impossible. Thus cq 7^ 0. 

For any i e Z*, applying a on [Lo, I/j] = —iLi, we have 
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Comparing the coefficients of Lj, Tg and c, we obtain 

{aoj - i)aij = 0, (oos - i)bi^s = 0, ici = 0, 

which imply 

t x 

dij ^ bi^s ^ Ci ^ 0, y i eZ*, j ^ —, s ^ —. (3.2) 

Furthermore, we claim that ao G {±1, ±2}. Otherwise, a{Li) referred in (3.1) can be 
rewritten as a{Li) = for some i e Z*, which is impossible. Thus ao € {±1, =t2}. 

For any re | + applying a on [Lq, 7^] = —t^Tj., we have 

Comparing the coefficients of Lj, Tg and c, we obtain 

(aoj - r)dr,j = 0, (aos - r)er,s = 0, rf^ = 0, 

which imply 

1 J, 

dr,j = er,s = /r = 0, ^ r E - + Z, j ^ — , s ^ — . (3.3) 

z ao ao 

We claim that ao ^ {±2}. Otherwise, a{Tr) referred in (3.1) can be rewritten as a{Tj.) — 
for any re | + which is impossible. Thus ao e {±1}. 

For any q e |Z, applying a on [Lq, G^] = —qGq, we have 

Comparing the coefficients of Gp, we obtain 

(aop - q)nq^p = 0, 
which together with ao e {±1}, implies 

ri,,p = 0, Vp^^. (3.4) 
ao 

Combining the identities given in (3.2), (3.3) and (3.4), we can rewrite cr(Lj), cr(Tr) and 
(j{Gq) referred in (3.1) as follows: 

(jiLj) — a, z L i , a(Tr) — e,. j-Tj_, cr(Ga) — n„ _3_Gj_, (3.5) 
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for any i G Z*, r G | + Z, g e |Z with Oq G {±1}. 
For the case ao — 1, using (3.5), we can write 

cr(c) = moc, a{Li) = a^Li + co(5j,oC, 

for any i e Z, r e | + Z, g e |Z and the coefficients are all in C. 
For any i, j e Z, applying a to [Lj, Lj] = (i - + 4?'^*+j.o'^' 



— ■« 



aiaj{i - j)Li+j + —^5i+jfiaiajC 



= (i - j)ai+jLi+j + oCqC + —^5i+j^omoC. 

Comparing the coefficients of Lj+j and c, we obtain 

{i-j){ai+j - aittj) = 0, 
— i _ . — i 



-aia-i — 2ico H ——mo, 



12 12 

for any i, j e Z, from which we can deduce 

Co = 0, mo = 1, tti — a\, Vie Z. 
From the identity a{[Tr,Ts]) — ^Sr+s,oc{c), we can deduce 

ej.e_r = 1, V r e - + Z. 

Using cr([Lj,Tr]) = — r(T(Tr+i) and recalling (3.7), we can deduce 

e^+i = e^a^, VieZ, rG-+Z, 

which together with (3.8), gives 

= ^ ^2r^ V i e Z, r e ^ + Z, 

Z 

where ei is denoted by ^ for convenience and also /5 7^ 0. 

By cr([Gp, Gg]) = UpUqlGp, Gg], we have 

n^n^ = if p + g e Z, 

npn, = ep+<, if p + ? e ^ + Z, 
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which together with (3.10), give 



Then we can deduce 

r^, = £/3^ Vge^Z, (3.11) 

where — 1. Combining (3.7), (3.9) and (3.11), we can rewrite (3.6) as follows: 

a{c) = c, a{Li) = (5^^U, 

(3.12) 

a{Tr) = n, a{G,) = e(3'^G„ 
for any i e Z, r e | + Z, g e |Z and some ^ e C*, £^ = 1. The following identities hold: 
exp( - (log/32)adLo)(c) = c, exp( - (log/32)adLo)(L,) = P^'L^, 

(3.13 

exp( - {\ogP^)adLo)iTr) = exp( - (log^^)^^^^)^^^^ ^ ^25^^^ 

for any ieZ, rG^ + Z, |Z. 

For convenience, we introduce the following isomorphism: 

e(c) = c, e{Li) = Li, 

(3.14) 

e(2^r) — Tr, e(Gg) — —Gg, 

for any ieZ, re| + Z, |Z. It is easy to check that e'^ e Aut(£)/Inn(£) for any 
k e Z2. 

The a referred in (3.12) can be rewritten as: 

(7 = e'=exp( - (log/32)adLo), (3.15) 

for some /3 G C*, A; G Z2 and e is determined by (3.14). 
For the case Oq = —1, using (3.5), we can write 

o-(c) = moc, a{L,i) = aiL_i + co& oc, 

(3.16) 

a{Tr) = e^T.r, ^-(G'^) = rigG^g, 

for any i e Z, r e ^ + Z, g e ^Z and the coefficients are all in C. We still denote ei as B. 
Repeating the corresponding process, (3.16) can be simplified as follows: 

(7(c) = -c, aiLi) = -P^'L^i, 

(3.17) 

a{Tr) = ^2'-T_„ a{Gg) = a;^^^^-,, 
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for any i G Z, r G | + Z, g e |Z and some f3 G C*, u"^ = -1. 

For convenience, we introduce the following two isomorphisms: 

zu(c) — — c, zu{Li) — —L_i, 



(3.18) 



for any zgZ, rG| + Z, gG |Z. It is easy to check that uj'^ G Aut(£)/Inn(>C) for any 
A; G {4A; + 1 1 V A; G Z} U {4A; + 3 I V A; G Z}. 

The a referred in (3.16) can be rewritten as: 

a = ro*^exp( - (log/32)adLo), (3.19) 

for some ^ G C*, A; G {4A; + 1 1 V A; G Z} U {4A; + 3 | V A; G Z} and is determined by (3.18). 
Combining (3.12), (3.15), (3.17) and (3.19), we finally arrive at the following conclusion: 

(7 = ro'=exp( - (log/32)adLo), (3.20) 

for some ^ G C*, A; G Z4 and uj is determined by (3.18). Then this theorem follows. ■ 

4 The generalized case 

Let F be a field of characteristic zero with the unit identity element 1, F an additive 
subgroup of F, the identity element of F, and s G F satisfying s ^ F while 2s G F. Denote 
F* = F/{0}, F, = s + F and sF = F U F,. 

The generalized twisted N = 2 superconformal algebra, denoted by £[sF], is an infinite- 
dimensional Lie superalgebra over F with the basis {L-y, T^, G„, c | 7 G F, G Fg, u G sF} 
admitting the following non- vanishing super brackets: 

[-^715-^72] = (71 — 72)-^72+7i + ^^"^12^ '^72 +71,0 

[L^, Gu] = (2 ~ '^)G'u+7) [T^, Gu] — Gu+ti, 

{ 2Lu+v + - \)5u+v,oC iiu,ve F, (4.1) 
-2Lu+v - l{u^ - i)Su+v,oC if M, V G Ts, 
{v - u)Tu+v if M G F, V G F5, 

^ {u - v)Tu+v if V er, u e F^. 



[Gu, Gy] — < 



It is easy to see that C[sT] is Z2-graded with C[sT] = C[sT]q © £[sF]i, where 

£[sF]o = Spanj,{L^, T^^, c | 7 G F, /x G F J, 
E[sr]i = Spauj-IG^ I G sF}. 
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A Z2-homogenous linear map D : C[sT] >C[sr] such that there exists [2)] e Z2, 
!D(£[sr]j) C >C[sr]p_,_[2)]] for all i G Z2 satisfying 

^{[x,y]) = [^{x),y] + for x, y e C[sr], 

is called a Lie superalgebra homogenous derivations of parity [D]. The derivation S) is called 
even if [3)] = 0, odd if [5)] = I. Denote by Derj(>C[sr]) the set of homogenous derivations of 
parity 1. Then Der(£[sr]) = Dero(>C[sr]) Deri(>C[sr]) is the derivation algebra of C[sr]. 
Denote by ad(>C[sr]) the inner derivation algebra. 

It is easy to see that C[sT] is a sF-graded algebra: C[sT] = (Buesr^[sT]u where £[sr]„ = 
{x G C[sr] I [Lojx] = —ux}. Der(>C[sr]) is also sF-graded: Der(>C[sr]) = ©ug5rDer„(>C[sr]) 
where 

Der„(f[sr]) = {de Der(f[sr]) | d{C[sT]^) C C[sT]y+^, v e sT}. 

The result on the derivation algebra Der(£[sr]) of the generahzed twisted N — 2 super- 
conformal algebra C[sT] can be formulated as the following theorem, which is not difficult 
to be generalized from Theorem 1.1. 

Theorem 4.1 Der(£[sr]) = ad(>C[sr]) © Homz(r, F). 

Proof The following results can be obtained from Lemmas 2.1 and 2.2 without essential 
difference: 

Deri(£[sr]) = adi(£[sr]) and 2)p e ad(>C[sr]), 

for any e Dero(>C[sr]) n Derp(£[sr]) with 7^ p e sT. 
For any 7 e F, e F^ and u e sF, we can write 

So(c) = aoC, ©o(L^) = a^L^ + m^S^^oC, Do(7;) = &^T^, ©o(G„) = c^G^, (4.2) 

where a^, b^, c^, m^, ao e F. 

Nearly repeating the proving process of Lemma 2.3, we can obtain the following results: 

TTIq = ttg = 0, Cl^j^_|_^2 ~ '^71 ~l~ (^72' 
b—fx ^/i) ^7+/i '^7 ^" 

Cu + = Ow+t; if U + V eV, 

Cu + Cy^bu+v if li + t-eF^, 
for all 7, 7i, 72 G F, /i G Fs and u, v E sT. Furthermore, we can deduce 

- h - 
c-y — a^, — — 2 ) 
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for all 7, e r, /X G Fs and a^^+^j = a^j + a^^ for any 71, 72 G F. 
Then the identities referred in (4.2) can be rewritten as 

^o{G^) = a^G^, 2)o(G'^) = ^02^^^, So(c) = 0, 

for any 7 G F, // e F^ and G sF. 

For any (p G Homz(F, F), one can define the following derivation S^: 

5^{G^) = ^{^)G,, 5^{G^)^]^ip{2fx)G^, <^^(c) = 0, 

for any 7 G F and G F^. 

By now wc have completed the proof of Theorem 4.1. ■ 

Denote by Aut(£[sF]) and Inn(>C[sF]) the automorphism group and inner automorphism 
group of >C[sF]. For any G Aut(>C[sF]) and x, y e >C[sF], we have 

^iC[sT]-o) = C[sT]-o, ^iC[sT]-,) = C[sT]-,, ^i[x,y]) = Mx),ip{y)]. (4.3) 

It is easy to see that Inn(£[sF]) is generated by 

exp(/oadLo) for some Iq G F*. 

Then Inn(£[sF]) ^ F*. 

Denote by the subgroup of Aut(£[sF]), which is generated by the automorphisms 
determined by (4.7) and (4.8). Then the result on the automorphism group Aut(£[sF]) 
of the generalized twisted N — 2 superconformal algebra C[sT] can be formulated as the 
following theorem. 

Theorem 4.2 Aut(>C[sF]) = Inn(>C[sF]) x 05. 

Proof For any 7 G F*, /i G F^, u & sT and a G Aut(£[sF]), we can suppose 

(j(Lo) = aoLo + cqC, a{c) = moC, 

(^{Gu) — E '^u,vGv: 
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where oq, rriQ, a^^a, by^u, c^, d^^a, ^f^,u, /^u, G IF. Nearly repeating the proving process of 
Theorem 1.5, we can deduce 

oo 7^ 0, {aov - u)nu,v = 0, 

(ooo; - 7)07,0 = 0, {aQV - 7)67,^. = 0, 70^ = 0, 
(aoo; - = 0, (ooi^ - /x)e^,^ = 0, ///^ = 0, 

which imply 

for any 7 e F*, ^ e F, a 7^ £7, /x, i/ G F^, v' ^ eji, v ^ eu and e e {±1}- Then we can 
rewrite the identities referred in (4.4) as follows: 

a{Ly) = a^L^^, a{T^) = e^T^^, cr{Gu) = n^G^^, (4.5) 

for any 7 e F*, // e F^, w e sF with e e {±1}. 

For the case e — 1, using (4.5), we can write 

ct(c) = moC, cr{Ly) = a^L^ + cq^^qC, 

(4.6) 

(j(r^) = e^T^, a{Gu) = riuGu, 
for any 7 e F, // e F^, u e sF and the coefficients are all in F. 

Nearly repeating the corresponding proving process given in Theorem 1.5, we can deduce 

(7 - a){ay+a - a^Ua) = 0, 

a^a-y = 27C0 H ]^^^0' 

nu^v — du+v if + V e F, 
= e„+^ if + e F^, 



which imply 



Co — 0, mo — 1, a7+a — a^^da, 

ettu if e F, 



ee„ if It e Fs, 



for all a, 7 e F, /X e Fs and u e sF. Then the identities given in (4.6) can be rewritten as 
follows: 



(7(c) = C, (j{Ly) = a-yL-y, cr(r^) = e^^T^, 
EQuGu if e F, 
£e„Gu if w e Fs, 
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TiGu) 



for any 7 G F, G Fg, m e sF and = 1, a^+a = 070^, = a2/i, e^+-y = e^a-y. 

For the case £ = —1, the identities given in (4.4) and (4.6) can be rewritten as follows: 



(t(c) = -c, (t(L^) = a^L_^, a{T^) = e^T_^, 
— a;a„G_u if u e F, 
ueuG^u Hue Fs, 



for any 7 e F, // e F^, n e sF and — —1, a-y+a = —a^aa, = —02^^, 6^^4-7 = — e^a-y. 
For convenience, we introduce the following notation: 

{e a e = 1, u e sT, 

-uj if £ = -1, ii e F, 

u if £ = —1, u e F5, 

where £^ = 1 and a;^ — —1. 

Then for any 7 e F*, e F^, e sF and cr e Aut(>C[sF]), the identities given in (4.4) 
can be rewritten as follows: 

cr(c) = £C, a{L^) = a^Ls^, a{T^) = e^T^^, 

co^auG^u if uer, (4.7) 

^^e^uGeu if e F5, 



for any 7 G F, e F^, m G sF and 

Then this theorem follows. ■ 
The following corollary follows immediately from Theorem 4.2 and Inn(>C[sF]) = F*. 

Corollary 4.3 Aut(>C[sF]) = F* >^ 0. 
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